
Int, 1. .541/1"-\ Srr"",",t') Vol :(,1. :''ltl "'. pp II U~· III fl, l;.w:
Pnntc:d In Great Bnt;'lIn

ntl~o· ~hK)~: $5,00- ,00
Persamon Pr~ pic

THE ROLE OF MATERIAL ORTHOTROPY IN
FRACTURE SPECIMENS FOR COMPOSITES

G. BAO
Department of Mechanical Engineering. The lohns Hopkins L" niversity. Baltimore. !'vi D :! t:~ 18.

USA.

and

S. Ho and Z. Suo
Department of Mechanical Engineering. University of California. Santa Barbara. CA 93106. U.S.A.

and

B. FA:"
Material~ Department. University ofCalif,'rnia. Santa Barhara. CA 'HI06. U.S.A.

(R"""ir"d:! .\fa,,,h I'NI ; il1 ".,.i""d /i"", 17 ..l11l/1I." 1991)

Abstract ~Guided hy the orth,'tn'py rescaling tedlllillue and ,'ther availahle analytic results. a
systematic an;llysis is conducted for c,'mnlllnly used fracture specimens to investigate the role of
material orthotwpy in fracture beh'lvior "f uni,lin:<:tional composites. Includ.:d ar.: I1lltched hars.
delamination beams and hyhrid ~andwich.:s. of many varieti.:s. All num.:rical calihrations arc
pres.:nt.:d with Ijllting f,mllula.: inth.: relevant pMameter regim.:s. The dl'.:ct "fm'lterial nrthntrnpy
on fracture behavior "f unidirecti,'nal composit.:s is thus quantili.:d. which signilkantly reduces the
cnmplniti.:s involv.:d in hoth .:xpenml·nlal invcstigation 'lIlllth.:ordical modelling. i\ summary of
th.: nrthl'lrnpy r,:sl'aling COlll':':pts. wllh SOI1l': .:xt.:nsions. is also indud.:d.

I. I NTROI>t I('TION

This paper is part of our drort to study the fracturc behavior of composite laminates.
Several mechanics issues in delamination testing have been studied in recent works. First.
laminates arc usually anisotropic and heterogeneous. as exemplified by a hllninated polymer
composite. Delamination specimen calibration is complicated by many elastic constants.
The Irwin -K ies compliance calibration is frequently used as a substitute. but the calibration
obtained in this way should only be valid for the material being tested. and moreover. mode
mixity cannot be determined. An orthotropy rescaling technique has been developed which.
as demonstrated by Suo ('( al. (11)1)0). can reduce plane elastic problems for orthotropic
materials to equivalent ones for materials with cubic symmctry. The technique has been
used to gain in-;ight into thc interplay between anisotropy and finitc gcometry. and study
tcchnical problems such as stress concentration related cracking. ctrective contraction of
orthotropic material specimens. mixed mode delamination and crack ddlcction.

A second issuc is that delamination resistance depends strongly on mode mixity. the
relative proportion of the opening and sliding. The concepts of mode mixity and toughness
surf~lce. as rationalil.ed by Rice (II)XS) for interf~lces in isotropic solids. have been extended
to solids of arbitrary anisotropy (Suo. II)I):!; Wang ('( al.. 11)90). It is essential to develop
mixed mode specimens in order to have a complete characterization of delamination.

A third issue is the so-calkd large-scale bridging. Delamination is resisted by intact
tibers that cross over crack planes. or by damage in the matrix in the form of voids and
micro-cracks. The length of the damage zone is typically several times the beam thickness.
Consequently. delamination resistance is no longer a material property independent of
specimen geometry and size. The implications have been studied by Bao c/ al. (1990). Suo
c( al. (1992) and Spearing and Evans (199 I).

Calibration of fracture specimens plays an important role in both the measuring and
modelling of composite fracture and fatigue resistance. However. the existing numerical
calibrations are rather complex and sometimes erroneous. Guided by the orthotropy resca
ling and other analytical results. we present here a catalog of commonly used fracture
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specimens for unidirectional composites. An outline of the orthotropy rescaling method is
given in the next section. but readers only interested in specimen calibrations may skip this.
Notched bars. delamination beams and hybrid sandwiches are described in the subsequent
sections. The scope may be appreciated by looking ahead at the figures in the paper. All
numerical calibrations are presented with fitting formulae in the relevant parameter regimes.
The effect of orthotropy on the fracture behavior of unidirectional composites is thus
quantified. which significantly reduces the complexities involved in both experimental inves
tigation and theoretical modelling. as exemplified by the recent study of fatigue crack
growth in a fiber-reinforced metal matrix composite (Bao and McMeeking. 1991).

~. ORTHOTROPY RESCAU:-':G

Consider an orthotropic solid in a plane stress state. Plane strain deformation is treated
in the Appendix. The coordinates x andy coincide with the principal axes I and 2 of the
orthotropic material. Two dimensionless parameters. ;. and p. an: defint:d in terms of the
engineering elastic constants (Suo. 1990a. b) :

(I)

They characterize the in-plane orthotropy : ). = I' = I for isotropic materials and. ). = I for
solids with cubic symmetry. Typical valucs of ;. and p arc in the range 0.05 < ;. < 20 and
0<1' < 5.

Let U(x.y) be the Airy function so that stresses at equilihriulll arc derived from

Il~U

(f, = ~ ,.. (f \'

I)"

The governing equation is (Lekhnitskii. 191\ I) :

Il'U
11X (ly .

(2)

14U 1.1[/ 14tr
I " I, ( • ( v _
1 4 + -). I) ~ '1 ,+ I. 1 4 - n.
(X ('X'I·Y· 1.1'

An inspection reveals that a rescaling of the x-axis:

reduces eqn (3) to

(3)

(4)

(5)

The equation depends on II only. The boundary conditions for U(';.y) arc now changed to

The resultant forces on an arc are

t}~U
I. I -l.r H'

Il~U

t.; /1.1"
(6)

(7)

With ;.-dependence extracted explicitly. the boundary value problem. defined byeqns
(5) and (6) on the ~-y-plane. now has only one material parameter. p. Several applications
of this idea can be found in Suo et al. (1990).

Displacements can be determined by using an auxiliary function x(';.y). defined by
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Strain compatibility requires that

One may confirm that eqn (5) can be derived from eqns (8) and (9) by eliminating X.
In terms of U and X. displ'lcements are represented by

£111, = ;. - I J[<,X!('y - (I + ;.1 ~v d ('U/c~]

£c ll , = ;.1 C[('X/('~-(I+\'cl)cUI(I'].

1107

(8)

(9)

( lOa)

(lOb)

In particular. the displ'lcement jumps across a plane. with traction continuity maintained.
are

(E 1Eye ;.~ 1 \5 \ = (2XRy) + - ( ('Xl('y) 

(EIE~)I~(5, = «'X/(l~)+ -«'XID~)-.

(II a)

(II b)

These e4uations are valid for <.:ra<.:ks and dislo<.:ations.
Consider a <.:ra<.:k running in the x-diredion. whi<.:h wincides with the principal material

axis I. The stress intensity factors arc detined such that the stresses at a distance r ahead
of the aa<.:k tip are given asymptotically by

1\1
(1,:= ~,

I J2nr

1\11
t\)' = __ ~ ..w••

j2nr
( 12)

The crack opening and sliding displacements at a distance r behind the crack tip arc

The energy release rates an: related to the stress intensity factors by

and the total energy release r'ltc is

These crack tip results were derived by Sih I't al. (1965).
From eqns (6) and (12). the stress intensity factors can be expressed as

( 13)

( 14)

( 15)

;-),'Kl' ..... (., ... =)u('~U
r. "'I _H'" ~_ •.

1.'';-
J-liKl' (., ....)Uo~U
r. "'II - - -HI, :'l _ ~. •

ui; eJy
( 16)

These combinations are essential in using the orthotropy rescaling.
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Double-Edge-Notched (DEN)

Ita Zb Ita
F(a!b) = I I+0.122 cos' 26 1 -tan -,. 2L

Ita 2b

Center Cracked (CC>

, . _r-;;:;
F(a!b) =[ I-O.025(a!bnO.()(j(aIb) 1'1 sec 26

Edge-Nolched-Bend (ENa)
Ita

2b Ita O.923+0.19()(l-sin2tl
F(alb) = Ita Ian 2b .----.;;;----

cos2b

hg. I, i\ I;unily or IIl'h:hcd hal'" SIre" inlcn,ity 1;ll'lor, ;,rc givcn willa till' corrcction I'a..:lor 1"(,,)
duc It. mat\.'rial ,.rthotropy,

3. NOTCH ED 11:\ RS

Four notched bars arc l.'onsidered, as shown in Fig. I. A survey of the re!i:vantliterature
may be found in Kageyama (II)XI).

Dimensionality. linearit}' und orthotropy rescaling dict<tte th~lt the stress intensity
factors take the.: form:

L' / 1'( '/ . I ~ I /Al =: rT,,'lT:il • ill '.1. " ',I').

Here rT is the applied stress for SEN. DEN and CC spel.:imens ami

( 17)

( 18)

for ENB specimen loaded by the moment M.
Note thut in eqn ( 17). the materi~1I parameter ;. and the geometric parameter Llh arc

combined in the way required by orthotropy resl.:~lIing. Finite clement analysis is used to
determine the dimensionless funl.:tion F. The cakul~ltion shows that the efTel.:t of ;, I ~ Llh is
negligihle when ;.' ~ Llh ~ 2.0; sec Fig. 2. Consel/lIcntly, this composite paramcter is dim
imlted from the calihration.

Figure 3 reveals the effcct of fI on the stress intcnsity factors of the SEN specimen. An
inspection of the curves suggests an upproximate t~lctorization:
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Fig. 2. The stress intensity factor of thc notl:hed spcl:imen csscntially allains the steady-st'lte when
).' •Llf> "" 2. Values of ".'f> "" 0.5. I' = I are chosen for the pll,t. but the samc is true flH other values

of "f> and I'.

( 19)

Thc samc is truc for DEN. CC and ENB spcl:imclIs. Thc gcometry dependenl:c. F(a/h). is
the samc as thc l:orrcsponding function for an isotropil: material (Tada c( al.. 19X5). Our
l:akulations show that. for all four specimcns. the rador r( p) l:an he tilled by a single
function:

Y(I') = 1+0.1(1'-1)-0.016(1'-1)1+0.002(1'-1)' (20)

with a s.ttisfactory aCl:Unlcy (error ~ 2% for SEN and EN B: error ~ 5'1., 1'01' DEN .\Ild
Ce).
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Fig. 3. I'·depcndence of stress intensity fal:tors of single edge nntched spccimen. It is found that for
notched spccimcns. this I,·dependence is insensitive tn crack Icngth change.
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In summary, for materials with 0 ~ p ~ 4 and any value of ;" the stress intensity
factors of the notched bars may be obtained by first taking the corresponding F(ab) for
an isotropic material (reproduced in Fig. I). and then multiplying by Y(p) of (20).

4. MODE I AND MODE II DELAMI:"ATION BEAMS

Depicted in Fig. 4 are the delamination beams most widely used in the composite
community. The double-cantilever-beam (DCB) is mode I. and the end-notched-f1exure
(ENF) and end-loaded-split (ElS) are mode II. Surveys of the relevant literature can be
found in Davies and Benzeggagh (1989) and Carlsson and Gillespie (1989),

It has been shown in Suo et al. (1990) that the mode renergy release rate for the DCB
takes the form :

(21 )

where P is the applied load per unit width of the beam. The first term in the bracket
reproduces the result of elementary beam theory, which is an exact elasticity asymptote as
alh -+ x;. The second term is the first order correction due to a finite a/h. The factor Y,
depends on I' only. The formula that best fits finite element results is

fl(p) = O.677+0.146(1'-1)-O.OI78(1'-I)l+O.00242(1'-1)'. (22)

Within the practical range ;. I~CI/h ;?; 2 and 0 ~ I' ~ 4. the error is less than 1°;-;'.

a h

L.

(a) Double-Canlilever·Beam (DCB)

p

a

crackr
(b) End·Loaded-Splil (ELS)

2P

h

1-------- 2L ---------1
P p

(c) End-Nolched-F1exure (ENF)

Fig. 4. Mode I and Mode II dclaminalion beams. Pis lhe load per unil widlh of lhe specimen.
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For ELS specimen. a similar procedure leads to

(:!3)

where

rll(p) = O.206+0.0761(p-1) -O.00978(p-l)z+O.OOI12(p-I)J. (:!..J)

The error is less than I% for ;. I ~alh ;?; 2 and 0 ~ p ~ 4.
An independent finite element calculation (He and Evans, 1991) shows that. for Ei\ F

specimen with sufficiently large Lliz. the mode [[ energy release rate has the same calibration
as given by (:!3) and (24). as might be expected.

5. MIXED MODE DELAMINATION BEAMS

Figure 5 illustrates two designs of mixed mode delamination beams. Without loss of
generality. attention will be restricted to H;?; Iz. Since G = G, +Gil. only G and G, will be
presented.

5.1 . .\/ixec/ moc/e c/ollh!e-('lIfIli/e/'('f-heum

Guided hy elementary beam theory solutions and orthotropy rescaling. wc assumc that
the total energy releasc ratc has thc following form:

(25)

where 'I = "/11. The fador ahead of the ['J is dctcrmined from thc simple beam theory

LlH

ha

p

p

(a) Milled Mode Double-Cantilever-Beam

6
i

a
I

h

H Ll
(b) Milled Mode End-Loaded-Split

Fig. 5. Milled mode delamination beams.
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solution which is the exact asymptote as h a ..... O. Numerical calculations show that the
function Y1(p) can be taken to be identical to eqn (22). and the function B('1l can be
approximated as

B(I'/) = 1.120-0.695(1'/-0.585)". (26)

Within the practical range ;. L4a/h ~ 2. 0.1 ~ 1'/ ~ I and 0 ~ p ~ 4. the error is within 2%.
Our calculations indicate that some elementary rules for partitioning total G into G,

and Gil lead to erroneous results. Thus. rigorous finite element results will be used as the
basis. The steady-state solution for a/h ..... X) given in Suo (1990) suggests the following
form for the mode I energy release rate:

(27)

where Y1 is given by (22), and

and

, 1 1t
¢(,,) = (0.574+0.033/1+0.8051'/--0.413,,) 2'

The error in elJn (27) is within 2'10 for ;.14a./z ~ 2, 0.2 ~ 'I ~ I and 0 ~ II ~ 4.

(28)

(29)

5.2. Mixec/ moe/e e/le/-Iuae/etl-.I'pli(
It is apparent thaI the energy release rale for mixed mode ELS with If = /z can be

obtained by adding eqns (21) and (23). For JI-:f./z. the tOlal energy release rate is

where the factor ahead of the {.} is determined from the simple beam theory solution which
is the exact asymptote as h/a ..... O. The factor np) in elln (30) is given by

Y(p) = 0.484+0.122(p-I)-0.016({I-I)"+0.002(p-I)3,

Fitting numerical results yields:

r
F(p) =0.468 exp (-0.181y' pl.

(31 )

(32)

Similar to the mixed mode DeB, the mode I energy release rate for mixed mode ELS
is fitted by

(33)

The function A(I'/) is given in Suo (1990):

(34)

while
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F,(p) = O.5185-0.02+tp

is based on the finite element calculation. Within a 2% error. eqns (30/ and (3) are valid
for;' I ·a.'h ;:l: 2, 0.2 ~ rJ ~ I ilnd 0 ~ fJ ~ 4.

5.l .\fodl! mi:dey
The mode mix:ities of the two specimens in Fig. 5 are usually assumed to remain

~onstant as the cracks grow. This is incorrect if "(Ir is not very brge. Plotted in Fig. 6a. b
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Fig.£' Mode mixiry of mixed mode delamination beam.s for p" 2 la) Mi.u·u m(,dc DeB;
Ib) Mi.wct mode ELS, Mode mi~ily chilOge~ willlllill and i. ' '11,11.

.r
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are mode mixities of mixed mode DeB and ELS. respectively. Our calculation indicates
that the dependence of mode mixity on material parameta p is weak. so only the case p = 2
is presented.

Observe. first. that the thickness ratio. hH. has a strong effect on the mode mixity. as
might be expected. The mode mixity. specified by the ratio CIIG,. may vary from zero to
0.6 for the mixed mode DeB and from zero to 0.75 for the mixed mode ELS. Such specimens
are therefore suitable for studying mixed mode crack extension in laminates.

Secondly. the mode mixity changes with the effective crack length. ;. I ~l1ih. The fixed
mode mixities obtained by elementary beam theory solution are asymptotes as (//h -. x..
However. for the mixed mode DCB. the relative changes of mode mixity are less than 10'%
for 10 ~ ;,1 ~(//h ~ 20. For the mixed mode ELS. much larger i. 1 ~a/h is needed to attain
the asymptotes.

6. HYBRID SANDWICHES

Hybrid laminates with alternate sheets of ceramics. metals. polymers or composites
have been candidates for advanced applications. For such systems. cracking in brittle layers
is isolated by the adjacent tough layers. so that the damaged laminates still support the
load. Hybrid laminates can also provide ;Idditional stilrness for certain experimental needs.
For example. in an experimental study of the etl'cct of cross-over fibers on delamination
resistance (Spearing and Evans. 199 I ). the ceramic matrix composite being tested is sand
wiched between two alumina layers. in order to provide a higher constraint to obt;lin a
longer bridging zone.

Depicted in Fig. 7 is a hybrid sandwich with a core between two identical skins. The
axial force P is applied within the neutral plane of the beam. Each material may be
orthotropic with a prim:ipal material axis aligned in the beam direl·tion. Young's moduli
in the direl.:tion of the beam axis for the skins and core arc denoted by 1:" and E", respectively.

We will consider a dass of steady-state. mixed mode. hybrid delamination sandwiehes.
as illustrated in Fig. S. The energy release rates ;Ire independent of crack length. sinee only
axial force and pure moments arc applied. Only mode I and mode II loadings are shown
in Fig. X. Friction in mode II specimens (Fig. Sb. d) is neglected; thc ctl'cct should be
independently calibrated. Mixed modc loading can be obtaincd by superposition. For
example. the UCSB four-point-flexure is a superposition of Fig. Sa. b.

Thc relative stilrness is controlled by two ratios

l:=E'/E", (=h/h.

The position of the neutral axis is given by

(36)

(37)

The strain lield at the three edges far away from the crack tip can be obtained from the
dementary beam theory. for example. the axial strain in one of the arms is given by

Fig. 7. A hybrid sandwich specimen. The axial force is applied wilhin the neutral plane. which is
located at tJ.1> from the crack.
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a)

Hybrid Sandwiches Energy Release Rate

Fig. X. Energy release r'lle of hyhriu sanuwi.:hes. Mi,eu moue hyhriu sanuwi.:hes e,In be obtain.:u
by superposition.

1[1' AI]
I:, = - E" ..If, + II> \)' . (38)

Here)' is measured from the neutral axis, P and M arc force and moment, A and I are
dimensionless cross-section and moment-of-inertia, given by

A = (+r

1= r[(8 -()! - (8 -() + 1/3) +8(8 -0 +('/3.

An expression similar to (38) holds for the beam ahead of the crack, with

All = 2«(+r), III = i!(I-rK'+r(l +()'].

(39'1)

(3%)

(40)

The energy release rate is the ditference in the strain energy per unit length stored far
behind and far 'lhead of the crack tip. The results arc given in Fig. 8. The mixed mode
energy release r,lte C,ln be obtained by superposition.

7. CONCLUDING REMARKS

The calibration of fr'lcture specimens for unidirectional composites is complicated by
many clastic constants. At least two non-dimension'll materi.t1 parameters arc involved in
the numerical analyses offmcture specimens reported to date. In contrast, by using a spatial
rescaling technique, only theelfect of p = (£1£2) I. 2/2G I!- (VI!\'!I) I,! needs to be calibrated
numerically, the dcpendence of another parameter, i. = £!I £1' is known analytically. In
particular, for SEN, DEN. CC and ENB specimens, a single correction factor Y( p) is found
to be sufficient to obtain the stress intensity factors from the corresponding isotropic results.
For mode I and mode (( beam specimens, the energy release rates are expressed in such a
way that the leading tcrm is the simple beam theory solution. The calibration of mixed
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mode beam specimens is much more difficult. since the mode mixity changes with the beam
thickness ratio and the crack length.

Attention in this article has been focused on the interplay between material anisotropy
and finite geometry. However. material orthotropy may also play an important rol\: in
bridging phenomena. In fact. all fracture and fatigue cracking processes in composites are
subject to resistances that im:rease with crack extension. because of various bridging effects.
The coupling of material orthotropy and bridging merits further study.
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APPENDIX

Ld the co"ruinates .\', I' and: coineiu..: with principal material uireetions ,)1' an Orlholropic material. ror
phlne strain problems. lh... governing ...quatiun and the ddinitiun of ;. and,. remain unchanged. but the daslic
conslilllls need to h... replaced by

I:", =t','(I-\'"I',,). \"!~=(I'!~+\'!!vl~ltl-\",I',,)

H': = E:l(I_\':'\"~). I"~, '" (\'~l +\'~I\·,,)(l-I':ll'\:). (:\ 1)

Ther..: is 110 need to ehilllge the sh..:ar mudulus, G I:' This replacement shoulu be don... with all the soluti"lls in thc
t....xt if the plane strain wnditiuns prevail.


